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Definition

Let R C [0,00), f: [0,00) — [0,00), and Aan N x N positive
definite symmetric matrix. A density function g : RN — [0, c0) is
an ellipsoidally symmetric distribution if and only if

g(x) = cf(VX'Ax)
where
/ y"f(y)dy < oo, n< N+ 1
yYEeR
1
fmeR f(vx'Ax)dx

c =




Ellipsoidally Symmetric Distributions

Determining Value of the Constant

/ f(vx'Axdx
VX' AxeR

Let T be an orthonormal matrix satisfying
T'AT =D

where D is a diagonal matrix with no non-positive diagonal
entries. Make the change of variables

X = TDJEZ



Ellipsoidally Symmetric Distributions

The Diagonalizing Transformation

where

Then,
XAx = (TD zz)A(TD %)z
= ZD z(T'AT)D 2z
— ZD DD iz

= 7z



Ellipsoidally Symmetric Distributions

The Jacobian

X = TD_%Z

The determinant of the Jacobian of this transformation is |A]—%
which is positive definite since A is positive definite.

37X
0z
— TD?




Ellipsoidally Symmetric Distributions

Jacobian Determinant

The determinant of the Jacobian of this transformation is |A|*%
which is positive definite since A is positive definite.

J| = |TDz|
= |T||Dz|
= |Dz|
= |D|":
= |T/AT|:
= (IT'| Al |T])"2
= |A2



Ellipsoidally Symmetric Distributions

The Diagonalizing Transformation

1

f(VX'Ax)dx = |A~

Nl

/ f(Vz'z)dz
VZz'zeR

/\/X’AXER




Polar Coordinate System

Polar Coordinate System

Zy = rcosb;

Zo = rsinb;




Polar Coordinate System

Let A be the area of a circle of radius r.

A= / dZ1 ng
V22 +22<r

Zy = rcosb
Zo = rsiné,
722+ 72 = (rcos6y)?+ (rsin6;)?
= r?(cos® 6y +sin?6;)



Polar Coordinate System

Transformation to Polar Coordinates

. zy(r,601) \ _ [ rcoséby
A6 = <22(r,91)>_< rsin 64
BA 821

S0 = ( gz;)
(00301 —rsin91>

sinf; rcos6,

r cos 01 cos 64 + rsin 64 sin 64
= r



Polar Coordinate System

/ dZ1 ng
VZ2+22<r

o 2m
_ / / 1y(r, 61)|drdl6;
r=0J6;=0
o 2
= / / rdrd6;
r=0J6,=0
100} 27
= / rar dd,
r=0 0,=0
271 g 2

_ |-
- |3,



Three Dimensional Spherical Coordinates

Three Dimensional Spherical Coordinates

rcos e, sine,

1 2

Zy = rcosficosbr
Zo = rcosfqsinfs
Zz = rsinfy



Three Dimensional Spherical Coordinates

Volume Integral

Let V be the volume of a sphere of radius ry.

V= adz
VZz'z<n
Z4 = rcosbfqcosbs
Zo = rcosfsinfbs
Zz3 = rsinf,

I 2 2 2
Z'z=12z7 +z5 + z3



Three Dimensional Spherical Coordinates

The Quadratic Form

Zy = rcosfqcosbs
Zo = rcosfsinbs
Zz3 = rsinf,
224+ 22+ 22 = (rcosfcosty)? + (rcos by sinfz)? + (rsinfy)?

r?(cos? 64 cos? 0, + cos? 04 sin? O, + sin? 0
= r? (0052 01(cos? 0 + sin? ) + sin? 91)
= r?(cos®6; +sin®6;)



Three Dimensional Spherical Coordinates

The Transformation to Spherical Cooridinates

z1(r,04,02) r cos 64 cos >
z(r,01,02) = Zo(r,01,02) | = r cos 64 sin

Z3(I’, 91,92) rsin 64




Three Dimensional Spherical Coordinates

The Jacobian

z1(r,04,02) r cos 01 cos 6o
z(r,01,02) = Zo(r,01,02) | = r cos 64 sin 05
Z3(I’, 91,92) rsin 64

The Jacobian, denoted by J, is defined by

8(21322723)

Jo(r,01,02) = (r.61,02)
9z 9z 9z
or 064 00>

0z, 0z 02
- or 004 005
0zz3 0z3 0z3
or 004 005




Three Dimensional Spherical Coordinates

The Jacobian

cosficoslo —rsindycosbh —rcosbqsinbs
Jrp = cosfisinfs —rsinfysinf> rcosdqcosbs
sin 64 rcos 64 0

The determinant |J;| of the Jacobian J, is —r? cos 64




Three Dimensional Spherical Coordinates

The Volume Integral

V = / az
Vz'z<n

= / |Jz|dr dby db»
r<r

2m
= / / / \—r cos 01 |dr dfy dbs
r=0 91:—7r/2

2w
= / r2dr / CoSs 61 d04 db-
01=—m/2 6,=0

o W .
= |3 [Sln(91]_7r/227[':§X2><27T:4/37Tr0
0



Three Dimensional Spherical Coordinates

The Jacobian Determinant

cosfqycosfo —rsinficosfho —rcosbqsinbs
Jp = cosfisinfs —rsinfysinf> rcosdqcosbs
sin 64 I cos 61 0




Three Dimensional Spherical Coordinates

Function Composition

z4 p COS ¢2
w(p, U, p2) = b2} ) = ( pSin g2 )

Z3 u

P r cos 64
v(r,01,02) = u ) = ( rsin 64 )

P2 02

24 r cos 64 cos -

w(v(r,01,02)) = 2o ) = ( r cos 64 sin 6, )
Z3 rsin 64



Three Dimensional Spherical Coordinates

The Jacobian J,,

4 p COS ¢
wip,u,2) = | 22 | = psinez
Z3 u

dp  Ou Oy
cospo 0 —psings
= sings 0 pcos o
0 1 0




Three Dimensional Spherical Coordinates

Determinant of J,,

Jw

[Jw

( cosgo 0 —psings )
sings 0 pcos¢s
0 1 0

COS o —pSin ¢o
Sing>  pCOS ¢o
—(pCOS 2 COS o + pSiN P2 SIN ¢)
—p(cos? gp + sin® ¢p)

—p




Three Dimensional Spherical Coordinates

The Jacobian J,

p I cos 64
v(r,01,02) = u = r sin 64
®2 02

J, = ou 9u  9u
v = or 064 005
0¢p Oy 2

cosfy —rsinfy O
= sinfy rcosdy O
0 0 1




Three Dimensional Spherical Coordinates

The Determinant of J,

( cosfy —rsinfy O )
Jy = sinf;y rcosfy O
0 0 1
cosfy —rsinby
sinfy rcos®f;
= rcosfqcosfy + rsinfqby
= r(cos? 6 + sin?0y)
= r

h| =




Three Dimensional Spherical Coordinates

Chain Rule
Jwv = Jva
cospo 0 —psings cosfy —rsinf;y O
= sings 0 pcos o sinf; rcosf; O
0 1 0 0 0 1

C0Sf1COS o —rsinficosg, —psinbs
= cosfisings —rsinfysing, pcosbs
sin 64 r cos 6+ 0

But p = rcos 6y and ¢ = 65.
cosfycoslo —rsinficosfo —rcosbqsinbs
oy = cosfisinfds —rsindysinfo rcosbicosbs
sin 64 r cos 64 0



Three Dimensional Spherical Coordinates

Jacobian Determinant

Jz = Jwv:JWJv

‘Jz, = ’JW‘ ’JV‘
But p = rcos 64
2| = —pr
= —rcosér
—r?cos 0



N-Dimensional Spherical Coordinates

Changing To N-Dimensional Spherical Coordinates

Zy = rcosficosfs............ COS f_o COS On_1
Zo = rcosficosfso............ COS On_oSiNOn_4
Z3 = rcosficosf,...cosfn_3Sinfyn_o

ZN_o = rcosfqcosfssinés

ZN—1 = rcosfsinfs
Zy = rsinfy



N-Dimensional Spherical Coordinates

Changing to N-Dimensional Spherical Coordinates

rcosfqcosfs............ COS Opn_oCOS Opn_1
rcosficosfs............ COS On_o SiNOn_+
rcos 01 cosfs...cosfOn_3Sindn_o
Z(I’,91...,(9N_1) =
r cos 64 cos 6> sin 63
rcos 64 sin 65

r sin 64

The Jacobian of z is

Jo(r,01...,0n_1) = JIn
e 4 4444



N-Dimensional Spherical Coordinates

Changing To N-Dimensional Spherical Coordinates

Z4
V4]
Z3

ZN—1
ZN
Let

(rcos@1)cosSgo............ COS ¢N_2 COS PN_1
(rcos@1)cosgo............ COS PN_2 SiN PN _1
(rcoséq)cos ¢z ...cos ¢n_3SiNPN_2

(rcoséq)sin ¢z

(rsingq)

p = [rcosby
u = rsinfy



N-Dimensional Spherical Coordinates

Changing To N-Dimensional Spherical Coordinates

W(p, U, o, ..., dN_1) =

PCOS P2 ... COS ¢p_2 COS Pn_1
PCOS P2 . .vvvvnn... COS Ppn_o SiN dpn_1
P COS ¢ . ..COS Pn_3 SiNPN_o

psin ¢z
u



N-Dimensional Spherical Coordinates

The Jacobian of w

PCOSPo ... COS ¢pN_2 COS dN_1
PCOS P2 .. vvvvnn .. COS Ppn_o SiN Opn_1
P COS ¢ . ..COS Ppn_3 SiNPN_o

W(pvua¢27"'7¢N—1) = .

pSin ¢z

u

|Jw| = —|In—1(rcosdy,éz...on-1)|

= —cosN 20N 1(r B2 ... dN-1)|



N-Dimensional Spherical Coordinates

The Transformation v

v(r,0q,...0n_1) = ®2

ON-1
r cos 64
rsin 604




N-Dimensional Spherical Coordinates

The Jacobian of v

r cos 64
r sin 64

v(r,01,...0n8-1) = | 02

ON-1
cosfy —rsinb,

|dv(r,01...0n1)] = sind;  rcos by

= r



N-Dimensional Spherical Coordinates

The Determinant of the Jacobian of Jy

JN = JWJV
lUnI = [Jwl [Iv]
= r(—cos"20;|dn_1|)
= r(—cos"=20,(r(—cos" =30, |Jn_2|)

N-2
_ (_1)N—1rN—1 H COSN—1—n 0,

=1



N-Dimensional Spherical Coordinates

The Volume of a Hypersphere

V= az
\/ESI’O

Make a change to spherical coordinates

N-2

Vv / / / / NV cosN 1" 0ndlrddy . by
r=0J61= 77T/2 On_ 2—771'/2 On_1=0

n=1

fo 2m
= / A= 1c/rH / cosN=1-"9,.do,, / dON_+
nf—w/z On_1=0



N-Dimensional Spherical Coordinates

The Cosine Integrals

w/2 w/2
/ coskody = 2 / cosk0do
—7/2 0

Let u = cosd. Then du = —sinfdo.
—du
sin g

au

V1 —cos26
adu

V1—u?
e 4 4444

dag =




N-Dimensional Spherical Coordinates

The Cosine Integrals

w/2 0
2/ cosk9dy = 2/ uk(—i)
0 1




N-Dimensional Spherical Coordinates

The Cosine Integrals

/2 1
/ cosk0do = / uk=1(1 — u?)"2 (2udu)
—7/2 0

Let v = 2. Then dv = 2udu

/2 T 1
/ cosk0do = / vz (1-v)2adv
—7/2 0




N-Dimensional Spherical Coordinates

The Cosine Integrals

N-2 .r/2 N-2 r(N—1—n+1)r(1)
N—1—n 2 2
cos Ondp = =
,:!;[1/%:#/2 r];[1 r(N 12n+2)
N— _
_ (1)N 2 - F(Tn)
2 - r(N—i-;—n)
_ N—2(1) r(1)
2°1(%)
n—2 1
e mT 2




N-Dimensional Spherical Coordinates

The Volume of a N-Dimensional Sphere

27

]
vV = / " N- 1drH / cos"~1"0,d6), / dOn_ 1
,,_77r/2 On—1=0




Ellipsoidally Symmetric Distributions

Ellipsoidally Symmetric Distributions

f(VX'Axdx = |A| "2

Nl

/\/X’AXER /\/EER

Make a change to spherical coordinates.

|A|—3.»/ f(VZ'z)dz = 27T|A|—z/ f(ryrN="dr
Vz'zeR r
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Ellipsoidally Symmetric Distributions

\A|—%/ f(VZz)dz = 27T|A|—é/ f(ryrN-"dr
VZ'zER reR




Ellipsoidally Symmetric Distributions

Ellipsoidally Symmetric Distributions

The density function is
cf(V X' Ax)
where

1
Al2T(3)

(9]

o2 Jreg™N1(r)dr




Covariance of Ellipsoidally Symmetric Distributions

Covariance

Y = E[xx]= C/ xx"f(v x' Axdx
x'AxeR

Let T satisfy T'AT = D where D is diagonal and T is
orthonormal. Make the change of variables x = TD~2z. Then

Y = clA:TD 2 22'f(VZ'z)dz D™= T’
Vz'zeR



Covariance of Ellipsoidally Symmetric Distributions

Covariance

5 - |AyéTDéc/ 22f(VZ2)dz D3 T’
Vz'zeR

Let

G=(9)) = c/ zZ'f(Vz'z)dz
VZz'zeR

Then for i # j

gi = ¢C z;zif(Vz'z)dz
=0

/\/EER



Covariance of Ellipsoidally Symmetric Distributions

Covariance

gi = C/ Z2f(VZ'z)dz
Vz'zeR

= C/ Z2f(VZ'z)dz
VZz'zeR

Make a change to the spherical coordinate system. Recall
Z4 = rcosfycosbs...cosOn_1.



Covariance of Ellipsoidally Symmetric Distributions

Covariance

N—1
(r TT cos6,)2(r
/GH\/91 7'('/2/9/\/ 2—TI'/2~/9N 1 =0 H n) ( )

n=1

2
= H/ N_1_n9nd0ndfd9/\/_1/ COS29N_1d9N_1
nf—7l'/2 0

H / cosN 17 g, dnc / N F(P) ol
9n—77r/2 rER

2 / cos? On_1d0n_1
—7/2



Covariance of Ellipsoidally Symmetric Distributions

Covariance

N-2 N+2 n 3
r'( ) (3) iz
g = ]I N+3 N3y c/r rNE(rydr 2 |2_

o, 1 r(i)
i z(é)r(@)




Covariance of Ellipsoidally Symmetric Distributions

Covariance

1
A2 (5)
N
22 [ prN=1f(r)dr

Recall ¢ = Therefore,

o Ar(Y) =% [ _grNT(r)dr
/] -
ont  T(MF2) [reprN1f(r)ar




Covariance of Ellipsoidally Symmetric Distributions

Covariance




Covariance of Ellipsoidally Symmetric Distributions

Covariance

r = |A|éTDéc/ 22 f(VZ'z)dz D™= T’
Vz'zeR

1 A2 Jrep MM H(r)dr

N [ cgrN-1f(r)dr

ar

— |A":TD" ID-2T'

TD 2D 2T




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Normal

 k-1r % k1 -1p
rre 2t dr = r'—e 2" rdr
0 0

Let u = ; Then du = radr.

/ rke~2"dr = / (2u)'z e Yau
0




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Normal

f(ry = e2"”
/oorN_1e_1r2dr _ 2N—21—1r(N—1—|-1)
0 2
1
o A
2r2 [ _prN=Tf(r)dr
_ AT A
or22'z ()  (2m)?
B 1
(2m)Z| A2



Covariance of Ellipsoidally Symmetric Distributions

Multivariate Normal




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Normal




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Pearson Type VII

Density function is cf(v/z’Az) where

f(r=01+r3)"

1
Al2r(3)

crN1(r)dr

271'% f

r




Covariance of Ellipsoidally Symmetric Distributions

Mulitvariate Pearson Type VII

/ rkf(rydr = / r*(1 + r3)=Mdr
0 0
= 1/ r*=1(1 + r?)=™2rdr
2 Jo

Letv=(1+r2)~".Thenr? = (1 - v)/vand
av = —(1+r?)=22rdr = —v22rdr

o 0 _ B
/ kKA 4+ ) Mg = ;/ (1 V)%vm( dv)
0 1

v v2



Covariance of Ellipsoidally Symmetric Distributions

Multivariate Pearson Type VII

> 1 /91— v ks av
k 2\—m _ S ,mi_ =7
| orasrymar = g eSO v g)
1 /1 k-1 k=1

1
= ;/ (1 —v)%qv’"‘%qdv
0

1r("FH)r(m - 1)
2 r(m)




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Pearson Type VII

2 r(m)

b
/°° 11(42)r(m— 242)
0

2 r(m)




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Pearson Type VII

Ajzr ()

2r2 Jreg™N-1(r)dr
1
AT (%)

1 F(Hr(m-4)
2 r(m)

(S




Covariance of Ellipsoidally Symmetric Distributions

Multivariate Pearson Type VII

lfreﬂr’v*‘ f(r)dr
N [ cqrN=1f(r)dr

1 (2 r(m-12)

A—1

_ 127" tm 1
N 11(Hrm-%)
2 r(m)
_AT(MBA)r(m -2
- N Trm-3)
1 FrEH)rm -2 41 1 A
- N m - 8A)r(m - 152 22m—(N+2)
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