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ABSTRACT

In 1900 at the International Congress of Mathematicians in Paris, D. Hilbert posed 23
questions that later became known as Hilbert’s 23 problems. Number 13 remained unresolved
for over half a century until 1956 and 1957 when A. N. Kolmogorov and his student V. I.
Arnold, in a series of three papers, provided the solution. In this paper, I present Hilbert’s

13" problem as well as give my interpretation of Kolmogorov’s solution to this.
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1 Introduction

At the turn of the 20" century on August 8", at the International Congress of Mathemati-
cians in Paris, France, a young, German mathematician by the name of David Hilbert listed
twenty-three problems. These problems, it was believed, would help mold mathematics for
the next century. Hilbert’s 13" stems from the solution of polynomial equations. The equa-
tion a,x"” + --- + a1x + a, = 0 produces a multi-valued, multi-variate, complex algebraic
function * = z (ay,, -+ ,a,) of (n + 1)-variables. When n < 4 there are explicit formulas

for these functions and they are compositions of a few arithmetic operations and roots. For

—b+Vb? —4dac
2a

example, for n = 2, ax? + bx + ¢ = 0 yields z (a,b,¢c) = . The works of P.
Ruffini, N. H. Abel, and E. Galois show that it is not possible to present a similar solution
for n > 5. For n = 5,6, one can present the solution by using arithmetic operations, roots,
and a specific algebraic function of one variable for n = 5 or two variables for n = 6. For
n = 7, the solution can be reduced to arithmetic operations, roots, and the following alge-
braic function of three variables: 27+ az® + bx? + cx + 1 = 0. Hilbert asked if this particular
function can, locally, be a composition of functions of two variables. He posed his question
the following way: Can this function be a composition of continuous functions of no more
than two variables? He conjectured that it is not possible to find such a solution.

We generalize this question: Can any function f (xq,xs, - ,2,) of n > 3 variables be
written as a composition of functions of no more than two variables? For precision, “a
function of n variables” refers to a real function f : E™ — R where E"
={zeR"|0<x;<1,i=1,2,---,n}. If there are no restrictions placed on the class of
functions then it is a simple exercise to show the answer is “yes”. If in that question we
consider continuous functions the answer remains affirmative and this will solve Hilbert’s

13" problem.

In section one of this paper, I prove the following theorem:

Theorem 1. Any function F,, of n-variables, n > 3 can be written as a composition of



functions of no more than two variables.

In 1956, A. N. Kolmogorov showed that any continuous function of several variables can
be constructed by a finite number of three-variable continuous functions. The following year,
Hilbert’s conjecture for continuous functions was disproven by the work of V. I. Arnold who
proved that functions of less than three variables could be used. Shortly thereafter, Kol-
mogorov simplified the work of Arnold. The second section of this paper is my interpretation

of Kolmogorov’s proof,

Theorem 2 (A.N. Kolmogorov). For every integer n > 2 there exist continuous real func-
tions ¢ (x), defined on E', such that every continuous real function f(xy,xo, -+ ,x,), de-

fined on E™, is representable in the form

f(xlvx%'” ,;En) = Z Xq [Z (pq (‘rp)]

p=1
where x1(t) are continuous functions of one variable.

A. G. Vitushkin and G. M. Henkin later proved that these inner functions, ¢?(z,) can
not be made to be C! and in 1967, B. Fridman proved that a Lipschitz condition can be
imposed on ¢? (z,).

A natural question to ask is whether Hilbert’s function of three variables can be repre-
sented as a composition of algebraic functions of no more than two variables. The answer to

this question is still unresolved.



2 General Functions

Consider a function of n variables F;, : E™ — R. In this section we will prove theorem 1.
Before proving this theorem, we must make some additional constructions. To do this,

first consider the following lemma:

Lemma 1 (Schréder-Bernstein Theorem). Given sets A and B, if there exists injective maps

f:A— B and g: B — A then there exists a bijection h : A — B.
This lemma allows us to prove an important base case:
Theorem 3. There is a bijection f : E* — E? and g : E* — E3.

Proof. To begin, consider a function f; : E' — E? such that a — (a,0) and another function
fo 1 E? — E' such that (0.a1aga3 -+ ,0.b1bybs - -+ ) + 0.a1b1asbsasbs - - - . In general, decimal
representations for rational numbers are not unique. For example, .02 = 0.01999---. For
the purpose of this proof, we will choose the decimal representation of every rational number
to be such that there are not infinitely many trailing zeros with the only exception being
0=0.000---. Le. for 1, we use 0.999--- and we write 0.01999--- for 0.02. Now that this
uniqueness has been established, both maps are injective and therefore, by Lemma 1, there is
a bijection f: E' — E?. Next, consider a function g, : E? — E3 such that (a,b) — (a,b,0)

and another function ¢, : E* — E? such that

(O.a1a2a3 tee ,O.blbgbg tee ,0.01620304 tee ) — (O.a101a203a3 HR O.b162b264b3 tee )

Both of these maps are injective and, again, by Lemma 1, there is a bijection g : £? — E3. O

Define ¢ to be just such a bijective map from E? to E'. With this base case in mind, it

is a matter of extending the proof to the n-dimensional case to obtain:

Lemma 2. There exists a bijection ¢, : E™ — E" .



Now that this is established, we may define ¥, : E" — E" "' tobe ¢, (21,22, ,Tp_1,Ty) =

Ty, Lo, - ZTn_1,2n)). Finally, for n > 3, denote y,, : E™ — E? to be
( Y Y 790< Y )) y7 Y X

Xn (1, Tay -y Tn1, ) = (21, (2, (23, 0 Tp2, 0(Tn_1,22)))))

or in other words y, = ¥30®s0--- 01, 1 0Y,.
We now have the components necessary to prove Theorem 1. We shall do this by induction
on n. For clarity, the base case and induction step will be split in two. We begin by proving

the base case.

Theorem 4. For any F : E® — R, there ewists a function f : E* — R such that ,

F(x1, 29, 23) = f(21, (22, 23))

Proof. We wish to find a map f : E? — R. To do this, consider a point (u.,v,) € EZ.
By Lemma 2, @Z)S_l : E? — E3 such that (u.,vs) — (T0,%0,2,) € E3. Define f(uo,v,) =
F o 3" (us,v5). Since the point (u.,v,) was chosen arbitrarily, this will work for all E2.

Finally, since f = F o ;!

F = fous
F(x1, 29, 23) = f(Y3(21, 72, 73))

F(x1,29,23) = f(1, p(22,23)).

]

Because of the definition of y,, we may also say x3 = ¥3 and F3 = f o x3. Note also
that y, is a composition of functions of two variables. We may finally finish the proof of

Theorem 1 by establishing the inductive step.

Proof. Theorem 4 proves a base case for n = 3. Now assume the statement is true for all

j > 3 up to and including n. So, for F, : E® — R, there exists f : £? — R such that



F, = foxn. Now consider F,,,; : E"™ — Rand 41 : E"™ — E? where Y41 = Xn 0 Wni1-

YPny1 1 BT — E™ is bijective so define F), : E" — R as F}, = F,,; o w;il. Therefore,

FnJrlenownJrl
Fn—l-l:fOXnOwn—l-l

Fn+1 - f O Xn+1

And so any function of n-variables with n > 3 can be written as a composition of functions

of no more than two variables proving Theorem 1. O



3 Continuous Functions

In this section, we wish to prove theorem 2. For sake of ease, I will consider the case for
n = 2, however for any n > 3 it is a direct extension. Therefore, we prove the following:
There exists real continuous functions ¢ (z;) and ¢4 (z,), defined on E', g =1,--- 5,
such that every continuous real function f (x1,z5), defined on E?, is representable in the
form f(zq,x9) = 25: X7 (¢ (x1) + ¢4 (x2)) where x?(t) are continuous functions.

qg=1
The proof consists of three parts.

3.1 Constructions of Families of Rectangles in E?

In this part, we will construct five families of unions of intervals Aj = (JA], C E'in
i b) o2

which
(
p=1,2 where p represents the interval of each sub-dimension
1<q¢<5 where ¢ represents the individually familiy member for each p
1<i<my where 7 is the sequence of subintervals, m; € N the number of subintervals
k=1,2,3,---

\

and p,q,i, k € N. For each ¢ and fixed k, the intervals Az’pi will be non-intersecting and as
k — oo the length of each of these intervals will decrease and the limit will be zero. Finally,
any point x € E' will be contained in at least four of the AZyp families. With these intervals,
we may then construct families of rectangles Sg}m C E? such that, for fixed ¢, the rectangles
Sk, are non-intersecting and that any point (z1,22) € E? is contained in no less than
three families for fixed k.

We begin the series of constructions with the A} , intervals. For this construction, p =1



and p = 2 will be done similarly and thus we will only present p = 1.
Fix k and for each ¢ construct the family member AZJ of unions of intervals the following

way:
e FEach AZJ C E!

¢ Ai,l = UAZ,li = U lay, Bi] where 8; < a1

)

1
° HA%,L- =16 — | < z for all 7

One final condition that must be adhered to will be presented as a lemma for future reference.
Lemma 3. For fized k, every x € E* will be contained in no less than four Al .

Proof. Divide E' into intervals of length less than § = %H Around each endpoint, consider
another interval sufficiently small in length as to not allow any of the new intervals to intersect
with one another (say ¢%). Inside each of these new intervals, choose four more points in
such a way that they, along with the initial point, are equidistant from one another inside
of their respective intervals. Finally, around each of the five points construct another set of
non-intersecting intervals of sufficiently small length (say §°Y). Let each of these intervals be
the gaps for the five g-families. By their construction, none of these gaps intersect anywhere

on E'. Therefore, should a point exist in a gap on any g¢-family, it would be impossible

to exist in a gap in another ¢-family. Therefore, every x € E! exists in no less that four

Al ]

With the construction of the szp intervals complete, we move now to the next construc-
tion; the rectangles S{ C E?. Let S{ = A}, x A?,. Given this, S} will adhere to similar

properties as that of Aj . Namely,

e Each S} C E?

q __ q _ q q
° 5 = U Sk,h,zj =U (Ak,li X Ak,2j>
17]

%,J



q . .
° Sk71i72j are non-intersecting
An important final condition will, once again, be presented as a lemma for future reference.

Lemma 4. The system of all rectangles S{, with constant k and variable q, cover the unit

square E? so that every point in E? is covered at least 3 times.

Proof. Consider a point (z1,73) € E?. By Lemma 3, z; will belong to at least four AZJ
(say Aif) and x5 will belong to at least four AZ72 (say A,lg’;%). Then the point (x1, x9) will
miss only two of the five S families, in this case the point will belong to 32_5, and thus any

point (z1,73) € E? will belong to at least three S} families. [

3.2 Constructions of Inner Functions

Now that we have a sequence of families {S{}, K = 1,2,---, we shall choose a subsequence
of these families. Call this subsequence {S?}, r = 1,2,---. We now establish and prove the

following lemma

Lemma 5. There exists continuous functions V7 (xy,z2) = o} (x1) + ¢4 (x3) on E? for

qg=1,---,5 with the following properties:

q g B .
e Forallr, q, Y1 <Sr,1i,2j> Ny (S, 5.) =0 as long as (i,5) # (m,n)
o ol d : i :
©f, ©3 are non-decreasing continuous functions.

To prove this lemma we proceed with the following. We begin the construction of )¢
by first constructing ¢? (z,,) = lim ¢f . (z,) with ¢ = constructed inductively on r for both
r—+00 ’ ’

p=1and p=2. For r =1, define

. o for z, € Af, ;¢ € QMNI0,1]
¥1,1 (z1) =
connects linearly for z; € E' ~ A{ |



and

. Cgi,lﬁ for zo € A?,Qi; Cgi,l € QN[o,1]
¥2.1 (z2) =

connects linearly for 2, € E' ~ A{,

where ¢ | are increasing step functions on A . Due to the choice of values ¢{ (z1,22) =
©f 1 (w1) + @5 | (22) satisfies the first condition of the lemma for = 1.
Remark. If cf ; + cgjjlﬂ =cl |+ V2 for Cp1 €Qthency ; =cp ;.

For r = 2 the construction is as follows. Consider an e;-neighborhood of the graph

1 .
of gpip where 0 < ¢; < 7 min ‘1% (Sfjli%) — (valmjgn)
neighborhood of the graph of go‘{,p, U;. Next consider horizontal lines L such that L (U, # ()

, where (i,7) # (m,n). Call this

and consider d; to be the infinum of the length of LU for all these lines. Next choose k
large enough so that each HAZ’L, H < 61. Now, construct the functions gpgyp, similarly to that

of ¢f ,, such that

(
. Ci,z for z; € Ag,h; Ci,z € QNo,1]
¥1,2 (z1) =
connects linearly for z; € E* ~ Af |
\
and
V2 f Al el 0,1
Cy, 2 or 1y € A5, ;¢35 5 € Q([0,1]
q _ K b
¥2,2 (z2) =
connects linearly for z, € E' ~ Af,

\

1
with the stipulation that ||¢f, (z,) — ¢35, (z,)|] < 61 This will ensure that ¢}, is also
inside the €;-neighborhood. Now, 43 (x1,22) = ¢§ | (21)+¢5 , (22) satisfies the first condition
of the lemma for r =1, 2.

L.
For r = 3, choose €5 > 0 such that e; < 7 min ‘1/13 <S‘2171i72j> — 5 (594,,2,)

for (i, ) #

(m,n) and € < €L and construct 90371) similarly to the previous two constructions so
1 .

that ||@f, (z,) — ¢4, (,)|] < €2 V3 (21, 02) = @3, (21) + 03, (72) now satisfies the first

condition of the lemma for r =1, 2, 3.



. . . o0 . . . .
Continue this process to obtain a sequence {gpg p}r_l of continuous functions inside of

e, and {Y?}.2, where ¥? (v, x3) =

1

2r—1
1

©f 1 (x1) + ¢l (22). Given the construction, € < €l and thus as r — o0, ¢, — 0

nested €,-neighborhoods where Hgo‘;,l,p — gpﬂyM <

therefore ] , converges uniformly to a limit function ¢f and lim o, = pI. We also get
P r—00 k

P8 (e 22) = Tin 0 (a,22) = Jim (1 (1) + ¢l (22)) = @1 (21) + ¢ (22). Due to the

construction, the properties of ¢, v, and ¥4, described in lemma 5, hold.

3.3 Construction of Outer Functions

We finally shift our focus to the desired parent function f. The following is the construction
and proof.

In the previous section, we constructed a subsequence {57} of {S}}. We will now fix this
subsequence and refer to it as S{, k =1,2,---. For our function f, we will construct a new
subsequence of this {S}}. We will refer to this new subsequence as {S7}.

On each S,Z’lﬂj, define <xlcz,xgcz) to be the center of each rectangle. Define M, =
sup ||go|| where g, (1, x2) = f (z1,x2). g is on a compact set and thus it is uniformly continu-
ous on this set. For this, it is possible to find a § > 0 such that when d [(z}, z}), (2}, 25)] < §
then |g, (2], 25) — g, (a7, 25)| < %MO. Choose k such that the diameter of each Sy, ,
is less than this 6. Label this value » = 1. This will start a subsequence of k. Define
Al =0 <S§71i72j>. Let t € A}, 5. and define x{ () = %go (#1e, @aes). Finally, for the
intervals outside of these, connect the pieces linearly. For any point (x1,7) € E? we can
guarantee that it is covered by at least three of the S7. The choice of which three cover
the point is irrelevant so assume the three are ¢ = 1,2,3. To finish, consider the function
g1 = go — f1 where fi (x1,29) = ilx‘f (Y7 (xq,x2)) and any point (x1,22) and deduce it’s

s

norm. This is

5
lonll = 1190 = full = max |g, — fi] = max |go — > x§ (1 (21, 22))

g=1

10



< max |go(x1, ) —

q=1 q=4
1 5
= max |32g,(01,72) = D 500 (T17, Tacg)| + max | > x1 (¢ (%:@))‘

q=1 q=4
3 2 5

< —=M,+ =-M,= =M,
18 3

Now consider ¢, = g, — fi. This, again, is a continuous function on a compact set

and therefore it will be uniformly continuous and attain its maximum. Due to the uniform

1
continuity we can, similar to the construction of g¢,, find a § that satisfies ¢ = EMl = 6” g1l

5
Because of the construction of gy, it is clear that M; < 6]\/[0. Again, choose k large enough

to make the diameter of each Sg,li,% less than the chosen 8. This will become r = 2 of the

1
subsequence of families of rectangles. Now, define a new function x4(t) = 391 (:clcg, :CQCS)

for t € Aj, , with a similar structure to x{ elsewhere. Again, any point (z,72) € E?

is covered by at least three S and so we get a similar estimate as before. Finally, define
5

fa(x1, 22) = > X% (¥ (21, 22)) and g = g1 — f» then examine ||gz||. We get a similar set of
q=1

inequalities. This is

1 2 1/5
M+ EM == (M,
R 6(6 )

2 /5 5\ 2
v,y =(2) M,

5
Repeat this process to obtain sequences of functions { f, } -, where f, (x1,22) = > x% (¢7 (z1, x2)),
q=1

1
{g,}2, where g, = g,_1 — [, and {x?} where x? (¢ (z1,12)) = 39r-1 (21, 2) inside of each

S 2,» and connected similarly to the previous iterations outside. Given the construction,

5\ 5\ 1 1/5\ "
lgr|| < 6 Il = 6 M,. Then, ||x¥|| < §||gr_1|| < 315 M. Therefore, the

11



o
series of continuous functions > x4 (% (z1,x2)) on the closed, bounded interval E' will con-
r=1

verge uniformly to the limit function x? ()7 (x1,x2)). Because ¢ was never specified, we also
co b 5
get Z Z X? (,¢q (wl,xQ)) = Z Xq (¢q ("L‘hx?))' NOW7 9r = Gr—1 — fr thus fr = Gr—1 — Gr- If
1 q=1

r=1q=
we consider ||f,|| we will obtain

5 r—1 5 r 5 r—1
rll = r—1—grl] < | = M, - M, <2\~ M,.
0=l -l < (3) s (3) do<2(3)

This will ensure that the series > f, is absolutely convergent. Therefore, if we consider this

r=1
)

series we get > f, = > (9r—1—9r) = (9r—1 — 9r) + (r—2— 9r—1) + (gr—3 — gr—2) + -+ be-
r=1

r=1

cause of the above estimates, we may rearrange the right side in any way we want to obtain

Do fr=0otgi—g+1+g2—g2+g3+9s+--- =g, = f. Thus, > f, = f. Finally, f, (z1,22) =
— r=1

r=1

qu:lX? (9 (w1, 15)) thus we get f(z,y) = qzi:lxq (V4 (z,y)) = qzi:lxq (0% (z) + ¢4 (y)). This

completes the proof of Theorem 2.

12
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